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Abstract. The defaultable forward rate is modeled as a jump diﬀusion process within
the Sch¨ onbucher (2000, 2003) general Heath, Jarrow and Morton (1992) framework
where jumps in the defaultable term structure f
d(t,T) cause jumps and defaults to
the defaultable bond prices P
d(t,T). Within this framework, we investigate an appro-
priate forward rate volatility structure that results in Markovian defaultable spot rate
dynamics. In particular, we consider state dependent Wiener volatility functions and
time dependent Poisson volatility functions. The corresponding term structures of in-
terest rates are expressed as ﬁnite dimensional aﬃne realisations in terms of benchmark
defaultable forward rates. In addition, we extend this model to incorporate stochas-
tic spreads by allowing jump intensities to follow a square-root diﬀusion process. In
that case the dynamics become non-Markovian and to restore path independence we
propose either an approximate Markovian scheme or, alternatively, constant Poisson
volatility functions. We also conduct some numerical simulations to gauge the eﬀect of
the stochastic intensity and the distributional implications of various volatility speci-
ﬁcations.
Keywords: Defaultable HJM model, stochastic credit spreads, defaultable bond
prices.
JEL Classiﬁcation: E43, G33, G13.
1. Introduction
This paper considers a multi-factor jump-diﬀusion model of the defaultable term struc-
ture of interest rates under a speciﬁc volatility structure. The defaultable forward rate
dynamics are driven by multi-dimensional Wiener and Poisson processes and the volatil-
ity structure is such that the Wiener volatility functions are state dependent and the
Poisson volatility functions are time and maturity dependent. We study and parame-
terise the Sch¨ onbucher (2000, 2003) general Heath, Jarrow and Morton (1992) (hereafter
HJM) framework, where jumps in the defaultable term structure fd(t,T) cause jumps
and defaults to the defaultable bond prices Pd(t,T). Thus working within the HJM
Date: Current Version October 5, 2004.
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framework we obtain bond prices in an arbitrage free environment, even though the
spot rate dynamics are non-Markovian. Imposing restrictions on the volatility struc-
ture, a Markovian multi-factor model is obtained. It turns out that the state variables
of this model can be expressed as functions of a ﬁnite number of benchmark forward
rates or yields. The model that we thereby develop provides a fairly broad tractable
class of defaultable term structure models that would be suitable for both calibration
and econometric estimation. However, the resulting class of defaultable term structure
models imposes a deterministic structure on the credit spreads. Therefore we extend
our model by allowing for stochastic intensities. It then becomes diﬃcult to obtain Mar-
kovian representations of the system and so we settle on an “approximate” Markovian
structure. Alternatively, we show that another way to restore path independence is to
consider constant Poisson jump sizes.
Sch¨ onbucher (2000, 2003) extends the HJM framework and conditions for the absence
of arbitrage to include the term structure of defaultable bond prices. In this case, jumps
and defaults are linked in that at times of default, there is a jump in defaultable forward
rates. The setting considered here is slightly more general in that not every jump in
interest rates would be linked to a default event. For general volatility speciﬁcations
the defaultable rate dynamics are non-Markovian, making numerical implementation
diﬃcult and computationally intensive.
We derive a Markovian representation of the stochastic dynamic system driving default-
able bond prices by considering certain speciﬁcations of the volatility functions of the
instantaneous defaultable forward rate. Essentially, we extend to the defaultable jump
diﬀusion case the approach of the Markovianisation of HJM models developed by a
number of authors. Early papers on the Markovianisation of HJM models under Wiener
diﬀusions include Carverhill (1994), Ritchken and Sankarasubramanian (1995), Duﬃe
and Kan (1996) and Bhar and Chiarella (1997a). In these papers, the conditions on the
volatility structure for the spot rate process to be Markovian are examined for the one
factor HJM models. Inui and Kijima (1998) and de Jong and Santa-Clara (1999) extend
these conditions to multi-factor HJM models. Further, Bj¨ ork and Land` en (2002), Bj¨ ork
and Svensson (2001) and Chiarella and Kwon (2001b, 2003) extend the above results
by assuming more general forward rate volatility speciﬁcations. Using ideas from state
space theory, Bj¨ ork and Gombani (1999) give the necessary and suﬃcient conditions on
a deterministic volatility structure, for the existence of ﬁnite dimensional realizations,
allowing forward rates to be driven by a multi-dimensional Wiener process as well as
by a marked point process. In addition, Chiarella and Nikitopoulos (2003) present a
class of Markovian HJM models under jump-diﬀusions that allows for more general state
dependent volatility structures.
Although many researchers have examined the Markovianisation issue in a default free
environment, there is a relatively little literature on the development of Markovian term
structures of defaultable interest rates. This paper investigates appropriate volatility
structures that will make the generally non-Markovian defaultable spot rate dynam-
ics Markovian and discusses relevant limitations. The volatility speciﬁcations that we
consider are the ones that have been used extensively for default free models, such as
time deterministic and level dependent functions. Essentially, this is an extension to the
defaultable jump-diﬀusion case of the approach of the Markovianisation of HJM models
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In summary, this paper makes two main contributions: First, under the generalised
Sch¨ onbucher (2000, 2003) framework and a speciﬁc formulation of level and time de-
pendent volatility speciﬁcations, Markovian defaultable spot rate and defaultable bond
price dynamics are obtained allowing realisations of the defaultable term structure to be
represented in terms of a ﬁnite number of forward rates or yields. Second, we discuss the
inherent non-Markovian nature of the system under stochastic intensities and propose
an approximate Markovianisation.
The structure of this paper is as follows. In Section 2 we review the Sch¨ onbucher (2000)
defaultable term structure framework with discrete jumps, focusing on the economic
intuition of the underlying hedging argument. In Section 3 we assume a speciﬁc volatil-
ity structure, and obtain the corresponding Markovian representation of the spot rate
in terms of a ﬁnite number of state variables that are driven by Markovian diﬀusion
and jump processes. To make the model more easily interpretable, in Section 4, we
express these state variables as ﬁnite dimensional aﬃne realisations in terms of eco-
nomic quantities observed in the market, such as forward rates and yields. In Section 5
we extend the model by incorporating stochastic spreads and discuss the reason why a
Markovian representation is not possible in this case. We do, however, suggest a way in
which an approximate Markovian representation may be developed. Section 6 discusses
model limitations. In Section 7 we consider the Markovian defaultable term structure
model under the deterministic and stochastic default intensity set-up and we perform
numerical simulations for a range of jump sizes and magnitudes as well as time horizons,
in order to gauge the eﬀect of the volatility and default intensity speciﬁcations on the
distribution of the defaultable spot rate. Section 8 concludes.
2. Modelling Defaultable Term Structure within the HJM Framework
We adapt the Sch¨ onbucher (2000, 2003) general HJM framework where jumps in the
defaultable term structure fd(t,T) are equivalent to defaults and jumps in the default-
able bond prices Pd(t,T). In the model we consider here, we start from the general
HJM-type jump-diﬀusion model1 for the defaultable rates. This allows us to link some
of the jumps to default events while others remain jumps in interest rates only, and may
be interpreted as caused by economic inﬂuences other than defaults.
The defaultable forward rate dynamics are driven by jump diﬀusions. Thus, the stochas-
tic diﬀerential equation for the instantaneous defaultable forward rate fd(t,T), driven
by both Gaussian and Poisson risks, is given by,








i (t,T)[dQi(t) − λidt], (1)
where αd : [0,T] → R+ is the drift function, Wi(t) are standard Wiener processes
(i = 1,2,...,n), Qi(t) is a Poisson process with constant intensity λi (i = 1,2,...,np).2
1There is a large literature on modeling default-free instruments by using jump-diﬀusion processes,
some of the results of which map directly to the defaultable case. We refer in particular to Shirakawa
(1991), Bj¨ ork, Kabanov and Runggaldier (1997), Bj¨ ork and Gombani (1999) and Chiarella and Niki-
topoulos (2003). In addition, there are a number of empirical studies, such as Das (2002), Chacko and
Das (2002) and Chiarella and To (2003), that estimate interest rate jump-diﬀusion processes under a
default free environment.
2The Wiener processes Wi(t) and the Poisson process Qi(t) with intensity λi generate the P-
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1, if a jump occurs in the time interval (t, t + dt) (with probability λidt),
0, otherwise (with probability 1 − λidt),
and E[dQi(t) | Ft−] = λidt , E[dQ2
i(t) | Ft−] = λidt. At the Poisson jump times, the
jump size is equal to βd
i (t,T). Under these assumptions, the jump feature is modelled
by a multivariate point process, allowing for a ﬁnite number of jumps.
The volatility speciﬁcations allow for σd
i : [0,T] → R+, the volatility functions associated
with the Wiener noise processes, to be state dependent according to
σd
i (t,T) = σd
i (t,T, ¯ fd(t)), for i = 1,...,nw, (2)
where σd
i are well-deﬁned functions and there are nf state variables, e.g., forward rates
of nf diﬀerent maturities, so ¯ fd(t) = (fd(t,T1),fd(t,T2),...,fd(t,Tnf))⊤. The volatility
functions βd
i : [0,T] → R+, (i = 1,2,...,np) associated with the Poisson noise processes
are assumed to be only time and maturity dependent.3
The price at time t of a defaultable zero-coupon bond with maturity T, a so called
‘pseudo’ bond, is given by4








The dynamics of ˆ P(t,T) follow from those for fd(t,T) in equation (1) and are given by
(see Proposition 2.2 of Bj¨ ork et al. (1997))
d ˆ P(t,T)
ˆ P(t−,T)





































A key feature of the ‘pseudo’ bond price is that the inﬂuence of previous defaults has
been removed.
Following the Sch¨ onbucher (2000) setup, assume fractional recovery (e.g. restructure
and reduction of the notional in case of default), thus allowing for multiple defaults.
The actual value of every defaultable bond Pd(t,T) is given by
Pd(t,T) = ˆ P(t,T) ¯ Q(t), (8)
3See Chiarella and Nikitopoulos (2003) for the intuition of using only time and maturity depen-
dent Poisson volatility functions. Basically, state dependent Poisson volatility functions result in non-
Markovian structures.
4This is the price of the defaultable zero-coupon bond given that it has not defaulted before time t.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 5
where ¯ Q(t) is the reduction on the bond’s face value due to the number η(t) of defaults
until time t. Note that η(t) =
 np
i=1 ηi(t), where ηi(t) is the number of defaults up to
time t due to the source of jump events dQi(t). Let tik denote the time of the kth jump
in Qi, and qik the loss fraction due to the default triggered by the kth jump in Qi.5 At











the remainder after all fractional losses.
Let us assume that the fractional losses due to the defaults related to the dQi(t) term






(1 − qi(τik)), (10)








subject to the initial condition ¯ Q(0) = 1. Note that when qi are assumed to be constant,




(1 − qi)ηi(t). (12)
By an application of Ito’s lemma, the dynamics of the “real” defaultable zero-coupon
bond Pd(t,T), deﬁned by (8), with ¯ Q(t) driven by (11), are given by
dPd(t,T)
Pd(t−,T)








[(1 − qi(t))[1 − e−ξd
i (t,T)] + qi(t)]dQi(t).
(13)
2.1. The Hedging Argument in the Defaultable Bond Market. Since we are
using the HJM framework, the bond prices that we derive will match the observed yield
curve, by construction. We are able to obtain bond-pricing formulae in the case of a
ﬁnite number of jumps, each of which is associated with a diﬀerent jump size. This is
done by extending the Shirakawa (1991) approach, which assumes only a ﬁnite number
of possible jump sizes and the existence of a suﬃcient number of traded bonds to hedge
away all of the jump risks and to guarantee market completeness.
Following the same structure as Chiarella and Nikitopoulos (2003)7 we focus on the
economic intuition of the hedging argument. This is based on the classical approach
5Setting qik = 0 means that this particular jump does not trigger a default.
6Appendix 1 derives these results, using the Dol´ eans-Dade exponential formula (see Jacod and
Shiryaev (2003)).
7In Bj¨ ork et al. (1997), in a default-free market driven by marked-point processes, the most general
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of Vasicek (1977), who adapts the original Black-Scholes hedging argument to interest
rate term structure models.8 We have nw + np sources of risk, nw due to the Wiener
processes Wi(t) (i = 1,    ,nw), and np due to the Poisson processes Qi (i = 1,    ,np),
thus we need to place bonds of nw +np +1 maturities in the hedging portfolio to hedge
all of these risks.9
By taking an appropriate position in the nw + np + 1 defaultable bonds10 it is possible
to eliminate both Wiener and Poisson risks. The condition that the riskless hedged
portfolio earns the risk-free rate of interest r(t), implies that there must exist a vector
Φ = (φ1,...,φnw)⊤ and a vector Ψ = (ψ1,...,ψnp)⊤ such that for each maturity
h = 1,2,...,(nw + np + 1)










Since the maturities of the hedging bonds may be chosen arbitrarily, it must be the case
that, for bonds of any maturity T










The economic interpretation of condition (15) is that the excess return of each bond
above the risk free rate is equal to the total risk premium required as compensation for
bearing the risk associated with the Wiener processes and the Poisson processes. Con-
sequently, we may interpret Ψ as the vector of the market prices of Poisson jump risks
(one associated with each possible jump size) and Φ as the vector of the market prices
of the Wiener risks. By taking the derivative of (15) with respect to T and manipulating
appropriately, we derive the extension of the HJM forward rate drift restriction to the





i (t,T, ¯ fd(t))(−φi(t) + ζd





i (t,T)(λi − ψi(t)[1 − qi(t)]e−ξd
i (t,T)). (16)
By substituting expression (7) for Hd(t,T, ¯ fd(t)) into equation (15) it follows that the
short rate spread is the sum of the products between the intensity of a default and the
corresponding expected loss quota, that is




Thus the spot rate spread (as measured by the diﬀerence of defaultable and default-free
instantaneous spot rate) is driven solely by the ψd
i (t) and qi(t).
8See Appendix 2 for full details on the hedging argument in the defaultable bond market.
9Bj¨ ork et al. (1997) show that in fact the same set of bonds may be used for hedging at all points in
time.
10Note that the defaultable bonds considered are bonds of a single defaultable issuer.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 7
2.2. The Risk Neutral Dynamics under a General Volatility Speciﬁcation.
By an application of Girsanov’s theorem (Bremaud (1981)), for every ﬁxed ﬁnite time
horizon T, we can obtain a new risk neutral measure   Pt
11, under which   Wi(t) =
−
  t
0 φi(s)ds+Wi(t) is a standard Wiener process for i = 1,...,nw, and Qi is a Poisson
process associated with intensity ψi(t) for i = 1,...,np. Furthermore the   Wi and Qi are
mutually independent.
Using equation (15), the stochastic diﬀerential equation for the bond price under the











(1 − qi(t))(1 − e−ξd








, (0 ≤ t ≤ T),
where B(t) is the accumulated money account
B(t) = exp













i (t,T)d  Wi(t) −
np  
i=1
[(1 − qi(t))(1 − e−ξd
i (t,T)) + qi(t)][dQi(t) − ψi(t)dt].
(19)
The relative bond price process Zd(t,T) thus becomes a martingale under   Pt, so that
  Et[dZd(t,T) | Ft] = 0
where   Et is expectation (given information at time t) with respect to the equivalent
probability measure   Pt. The above equation implies that
Zd(t,T) =   Et[Zd(T,T) | Ft],
and as a result, the bond price can be expressed as
















¯ Q(T) | Ft
 
. (21)
11The Wiener processes   Wi(t) (i = 1,··· ,nw) and the Poisson processes Qi(t) (i = 1,··· ,np) with
intensity Ψ generate the   Pt-augmentation of the ﬁltration Ft.8 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
Using equation (1) and setting T = t, the stochastic integral equation for the defaultable

















i (s,t)[dQi(s) − λids].
(22)
By substitution of the drift restriction (16) for αd(s,t) into the equation (22), we obtain
the dynamics of the instantaneous defaultable spot interest rate rd(t) under the risk
neutral measure   Pt, in the form






i (s,t, ¯ fd(s))ζd




















i (s,t)[dQi(s) − ψi(s)ds].
(23)
The dynamics for rd(t) implied by (23) are non-Markovian, under a general volatility
setting. A speciﬁc volatility structure is required, along the lines discussed in Chiarella
and Nikitopoulos (2003) for the default-free case, in order to obtain Markovian repre-
sentations of the defaultable spot rate dynamics (23), a theme that is developed in the
following section.
3. A Specific Volatility Structure
In order to obtain Markovian representations of the spot rate dynamics (23), we shall
consider more speciﬁc volatility structures.
Assumption 3.1. For i = 1,...,nw, the state dependent Wiener volatility structure
(2) is of the form
σd




and for i = 1,...,np, the time dependent Poisson volatility functions are of the form
βd




where κσi(t), κβi(t) and βd
0i(t) are deterministic functions and σd
0i(t, ¯ fd(t)) are state
dependent functions.
The crucial property of the volatility functions (24) and (25) is that their derivatives




i (s,t, ¯ fd(s)) = −κσi(t)σd
i (s,t, ¯ fd(s)), (26)




i (s,t) = −κβi(t)βd
i (s,t), (27)
for i = 1,...,np. This is a natural consequence of the functional forms (24) and (25), that
allows the separation of the time dependent component from the maturity dependentA MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 9
component. As pointed out by Chiarella and Kwon (2003), this is in fact the key
property of the volatility functions that leads to the Markovianisation of the model.
Proposition 3.1. Given that Assumption 3.1 is satisﬁed, the dynamics for the instan-
taneous defaultable spot rate rd(t) can be expressed as


























































i (s,t, ¯ fd(s))ζd














i (s,t)(dQi(s) − ψi(s)ds).
(34)
Proof. Substitution of the stochastic quantities (33) and (34) into (23) derives (28).
Taking the diﬀerential of (23) and making use of (26) and (27), the stochastic diﬀerential













i (s,t, ¯ fd(s))ζd
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i (s,t, ¯ fd(s))ζd














































Substituting expressions (31), (32), (33) and (34) into equation (37), we obtain the dy-
namics (29). ￿
The Eβi(t) are deterministic functions of time, whereas the Eσi(t), Dσi(t) and Dβi(t) are
stochastic quantities that satisfy Markovian stochastic diﬀerential equations (drifts and
diﬀusion terms depend on these processes) as the next Proposition shows.
Proposition 3.2. Given the forward rate volatility speciﬁcations of Assumption 3.1 and
assuming that the market prices of jump risk are non-stochastic, the stochastic quantities
Eσi(t), Dσi(t) for i = 1,    ,nw, and Dβi(t), for i = 1,2,    ,np, satisfy the stochastic
diﬀerential equations,
dEσi(t) = [σd
0i(t, ¯ fd(t))2 − 2κσi(t)Eσi(t)]dt, (38)
dDσi(t) = [Eσi(t) − κσi(t)Dσi(t)]dt + σd
0i(t, ¯ fd(t))d  Wi(t), (39)
and
dDβi(t) = [βd
0i(t)ψi(t)qi(t) + Eβi(t) − κβi(t)Dβi(t)]dt + βd
0i(t)(dQi(t) − ψi(t)dt). (40)
Proof. Follows immediately from the functional form of the quantities deﬁned in (31),
(32) and (33). ￿
Section 4 explains how the stochastic quantities Eσi(t), Dσi(t) and Dβi(t) may be ex-
pressed in terms of the set of the benchmark forward rates ¯ fd(t), and vice versa, the
set of the benchmark forward rates, ¯ fd(t), in terms of these stochastic terms. Thus, the
instantaneous spot rate dynamics (29) are Markovian under the forward rate volatility
speciﬁcations (24) and (25), since the stochastic quantities Eσi(t), Dσi(t) and Dβi(t)
display Markovian dynamics.
We note that, the drift term in (29) is a linear combination of 2nw +np state variables,
determined by (38), (39) and (40). In the following section, taking advantage of the
Markovian dynamics, an exponentially aﬃne term structure of interest rates in terms of
the same states variables is obtained.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 11
3.1. Aﬃne Term Structure of Interest Rates. Using the Markovian structure (29)
and applying the Inui and Kijima (1998) approach, we obtain the multi-factor bond
price formula in terms of the state variables Eσi(t),Dσi(t) and Dβi(t).












































   t
0
ψi(s)βd











t κx(u)dudy, x ∈ {σd
i ,βd
i }. (43)
Proof. See Appendix 4. ￿
The defaultable bond price formula (41) displays a ﬁnite dimensional aﬃne structure
in terms of a number of state variables (2nw + np in our case), however the resulting
formula for the bond price is no longer Markovian (in terms of the set of state variables
that “Markovianise” the instantaneous defaultable spot rate dynamics) due to the de-
pendence on the counting functions ηi(t), that count the number of defaults up to time
t originated from the jump sources Qi(t), as well as, the dependence of the accumulated
fractional loss at time t on the history of the jump times.12
Remark 3.1. The aﬃne term structure of interest rates (41) may become Markovian by
restricting further the volatility speciﬁcations by assuming constant Poisson volatilities
and also by restricting the fractional losses to be constant. In this case, the ηi(t) may




























i (t−s)ds + βd
i ηi(t). (44)
12Obviously (41) becomes Markovian if one is able to express the accumulated fractional loss at time
t,
 ηi(t)
k=1 ln(1 − qi(τik)), as additional state variables that satisfy Markovian dynamics.12 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
Thus the ηi(t) can be expressed in terms of the Dβi(t). In addition, for constant fractional
losses, the leading term in (42) reduces to
 np
i=1 ηi(t)ln(1 − qi). Therefore, in this case,
the aﬃne term structure may be expressed in terms of the same state variables used for
the Markovian structure of the defaultable spot rate.
It would be very convenient if we could express the state variables in terms of economic
quantities observed in the market, like forward rates, whose dynamics are driven by
combined jump-diﬀusion processes. In the next section, we will show that the state
variables Eσi(t), Dσi(t) and Dβi(t) can in fact be expressed in terms of benchmark
forward rates with dynamics driven by both Wiener and Poisson processes.
4. Finite Dimensional Affine Realisations in Terms of Defaultable
Forward Rates
Working along the lines of Chiarella and Kwon (2003) and Bj¨ ork and Svensson (2001),
who show that, in a Markovian HJM framework with dynamics driven by diﬀusion
processes, the state variables can be expressed as aﬃne functions of a ﬁnite number
of forward rates and yields, Chiarella and Nikitopoulos (2003) show that similar rep-
resentations may be obtained when incorporating jumps with state dependent Wiener
volatility functions and time deterministic Poisson volatility functions. Moving from the
default-free to the defaultable case, we are also able to express the defaultable forward
rate structure and the defaultable bond prices in terms of benchmark forward rates,
since the “pseudo” defaultable bond prices exhibit Markovian dynamics.
We show in Appendix 4 that the dynamics of the “pseudo” defaultable bond ˆ P(t,T),





























ln(1 − qi(τik)). (46)
Using the deﬁnition (3), the instantaneous defaultable forward interest rate may be






















where Nx(t,T) (x ∈ {σd
i ,βd
i }) are deﬁned as in equation (43). Thus we have an aﬃne
relationship between state variables and forward rates and we can reexpress the state of
the Markovian system in terms of nd(= 2nw + np) forward rates of ﬁxed maturities.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 13
























is an nd × np matrix, for i = 1,2,...,np. Assume that Od(t) is
invertible for all t ∈ {t;t = minTh
h
}. Then the defaultable forward rate of any maturity
can be expressed in terms of the nd benchmark forward rates fd(t,Th), (h = 1,...,nd)
as























































and denote as ̟ℓh the ℓhth element of matrix (Od)−1(t), the inverse of the matrix Od(t).
Proof. See Appendix 5 for details. ￿
The defaultable bond price cannot be expressed in terms of the benchmark forward
rates only, but also depends on the counting functions ηi(t), as the following proposition
states.
Proposition 4.2. The defaultable bond prices in terms of the benchmark defaultable



























Proof. By substitution of (48) into the relationship (8) in conjunction with (10). ￿
The advantage of the representation (51) is that it expresses bond prices in terms of
economically interpretable quantities. The risk neutral dynamics for each defaultable14 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS






i (t,Th, ¯ fd(t))ζd




i (t,Th)[[1 − qi(t)]e−ξd











i (t,Th)[dQi(t) − ψi(t)dt], (53)
which are driven by both Wiener and Poisson processes. Thus by setting
¯ fd(t) = (fd(t,T1),fd(t,T2),...,fd(t,Tnd))⊤
we have a closed system.
5. Modelling Defaultable Term Structure with Stochastic Intensity
In the analysis above we have assumed only deterministic structures for the jumps
intensities ψi(t). Recalling the result (17), namely that




we see that such an assumption imposes a deterministic structure on the credit spreads
(short rate spread), something that it is not consistent with empirical observations.13
To extend the model to incorporate stochastic spreads, we use Cox processes (Poisson
process with stochastic intensity) instead of simple Poisson processes to model the jump
arrivals (some of which may be defaults).
Assumption 5.1. The process for each of the intensities ψi(t) associated with the Cox
processes Qi(t), for i = 1,2,...,np, under the risk-neutral measure satisﬁes the stochas-
tic diﬀerential equation





σψkid  Wk(t), (54)
where θi, ¯ ψi and σψi are constant.
The square root process introduced into the interest rate modelling literature by Cox,
Ingersoll and Ross (1985) has been selected to model the intensities ψ(t) in order to
provide positive credit spreads. Given the stochastic dynamics of the credit spreads, the
quantities Eβi(t) deﬁned by (32) are no longer deterministic.



























13Empirical studies of the random dynamics of credit spreads include Sarig and Warga (1989) and
Prigent, Renault and Scaillet (2000).A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 15
the process Eβi(t) = E
(2)















In turn, the quantity E
(3)
βi (t) satisﬁes the stochastic diﬀerential equation
dE
(3)












Thus, we are dealing with an inﬁnite sequence of processes E
(n)
βi (t), since for n = 2,3,...













Therefore, we cannot obtain a Markovian representation of the spot rate dynamics under
stochastic credit spreads within the current framework.
5.1. Approximate Markovianisation. We have seen that under the stochastic dy-
namics of the credit spreads, the quantities Eβi(t) deﬁned by (32) are stochastic quanti-
ties with non-Markovian dynamics, since evaluating the stochastic diﬀerential equation
for Eβi(t) requires the dynamics of the inﬁnite sequence of processes E
(n)
βi (t).
However we may “close” this sequence by some approximation. In practice, given the
magnitute of the jump volatility, it would be the case that βd
i
n(s,t) ≃ 0, for suﬃciently
large n.
Another approach that we may employ to achieve Markovianisation is to restrict further
the Poisson volatility functions. In the next section we derive a Markovian structure for
the defaultable spot rate and the defaultable bond prices, using constant jump volatilities
under Assumption 5.1.
5.2. Constant Jump Volatility. In the current setup, to obtain a Markovian repre-
sentation of the spot rate dynamics (29), we shall impose more speciﬁc jump volatility
restrictions on the existing volatility speciﬁcations of Assumption 3.1.
Assumption 5.2. For i = 1,...,np, the time dependent Poisson volatility functions of
Assumption 3.1 are of the form
βd




Under the jump volatility speciﬁcation of Assumption 5.2, the quantities Eβi(t) deﬁned










Thus the instantaneous defaultable spot rate rd(t) evolves according to the following
proposition
Proposition 5.1. Given that Assumption 3.1 and Assumption 5.2 are satisﬁed, the
dynamics for the instantaneous defaultable spot rate rd(t) can be expressed as
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in a stochastic diﬀerential form, where the stochastic quantities Eσi(t), Eβi(t) and Dσi(t)














dDσi(t) = [Eσi(t) − κσi(t)Dσi(t)]dt + σd
0i(t, ¯ fd(t))d  Wi(t), (62)
and
dDβi(t) = [−βd
0i(1 − qi(t))ψi(t) + Eβi(t)]dt + βd
0idQi(t), (63)
with the stochastic intensities ψi(t) having dynamics driven by (54).
Proof. Using the volatility speciﬁcations of Assumption 5.2 in combination with Assump-
tion 3.1 the dynamics simplify as above. See Appendix 6 for details. ￿
Analogously to Section 4, the state variables of the system can be expressed in terms of
benchmark defaultable forward rates ¯ fd(t) of 2nw+3np ﬁxed diﬀerent maturities. Thus,
we have obtained a Markovian representation of the spot rate dynamics, namely equa-
tion (59), using stochastic intensities, state dependent Wiener volatilities and constant
Poisson volatilities.
Following the same course as in Section 3.1, we obtain the multi-factor defaultable bond
price formula.
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Proof. See Appendix 7 for the full details. ￿
Using the aﬃne term structure of interest rates (64) and the deﬁnition (3), the instan-
taneous defaultable forward rate of any maturity is expressed in terms of the 2nw +2np
state variables as14






















The Markovian defaultable term structure model developed here does not guarantee
positivity of the interest rates, a feature that we must handle with caution given the
state dependent nature of the model’s volatility functions. In fact, there is a positive
probability that this type of dynamics may drive interest rates to negative values. This
is due to the functional properties of the jump adjusted drift coeﬃcient. Recall the risk
neutral defaultable forward rate dynamics (53), which under the volatility speciﬁcations



































When interest rates approach zero, the drift function of the defaultable forward rate








c0 e−κσiτ  












= DG(τ) + DJ(τ)
where DG(τ) is the Gaussian drift contribution and DJ(τ) is the contribution of the


























First, by assuming only positive jump sizes βd
0i, the drift function is negative for some
time close to the maturity as the following arguments shows. The DJ(τ) is an increasing
function in time with negative minimum −
 np
i=1 ψiβd
0i[1 − qi] at τ = 0. As τ → ∞,
14Note that as stated above, the total number of state variables is 2nw + 3np, where there is one
additional state variable for each (stochastic) jump intensity ψi(t).18 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
DJ(τ) converges to 0. The DG(τ) has a minimum of 0 at τ = 0. As τ → ∞, DG(τ)
converges to 0. Thus D has always a negative minimum of −
 np
i=1 ψiβd
0i[1−qi] at τ = 0,

























Figure 1. Defaultable Forward Rate Drift. The parameter values used
are σ0 = 0.03, kσ = 0.18, β01 = 0.01, β02 = 0.02, c0 = 5, kβ1 = 0.3,
kβ2 = 0.17, ψ1 = 1, ψ2 = 1.5, q1 = 0 and q2 = 60%
Next, by assuming only negative jump sizes, then the drift function is always positive
however the negative jump noise terms may induce negative interest rates. Consequently,
we cannot avoid the possibility of interest rates becoming negative. Thus we need to
ensure that the state dependent volatility speciﬁcations required in the modelling are
well deﬁned for negative values.
As an illustrative example, assume that the state dependency is modelled as a linear
combination of the defaultable forward rates ¯ fd(t), as




When Lf(s) becomes very small or negative, then the model may behave as a deter-
ministic volatility Hull-White type of model. Thus a suggested volatility function may
be
σd
0(t, ¯ fd(t)) =
 
cfσd
0, Lf(t) < 0.005;
σd
0[(Lf(t) − 0.005)γ + cf], Lf(t) ≥ 0.005;
(70)
with γ = 1
2, for example.
7. Simulations
In this section we perform simulations of the Markovian spot rate dynamics and we
compare the simulated distributions of a model with deterministic jump intensities to
those from a model incorporating stochastic jump intensities. To illustrate the distri-
butional properties of the models, we consider the case that nw = 1 and np = 2. Since
the Wiener volatilities are state dependent, having the functional form (24), the model
considered here may be seen as a Ritchken and Sankarasubramanian (1995) type model
extended to a defaultable environment.
In the following numerical examples, the initial defaultable forward rate curve is assumed
to have the functional form fd(0,t) = (a0 + a1t + a2t2)e−vt with parameters set toA MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 19
a0 = 6.2382, a1 = 0.4086, a2 = −0.0113, and v = 0.0170, resulting in an upward
sloping forward curve. This curve is typical of observed defaultable forward curves.
To interpolate default information to obtain initial defaultable forward rate curves is
an ongoing research topic and is beyond the scope of this paper. The recent work of
Bystrom and Kwon (2003) gives one interesting approach to this empirically diﬃcult
issue.
For the simulation examples, an Euler-Maruyama approximation is employed, the time
interval [0,1] is discretised into N = 400 equal subintervals of length ∆t = 1/N, and
100,000 paths for rd(t) are generated.
7.1. Deterministic Jump Intensities. The jump intensities are deterministic and in
particular in our example, they are considered constant. The number of state variables
of the term structure is four. Thus, we shall require four state variables to complete the
system. The Wiener volatility speciﬁcations are given by




where ¯ fd(s) = (fd(t,T1),fd(t,T2),fd(t,T3),fd(t,T4))⊤. We assume a similar functional
form as (70), that ensures that the state dependent volatility is a well deﬁned function,
(see Figure 2 for volatility functional)
σd
0(t, ¯ fd(t)) =
 
0.05σd
0, Lf(t) < 0.005;
σd
0[(Lf(t) − 0.005)γ + 0.05], Lf(t) ≥ 0.005;
(72)
where Lf(t) = c0 +
 4
h=1 chf(s,Th) and γ = 1
2. For the Poisson volatility speciﬁca-
tions, we consider βd
i (s,t) = βd
0ie−kβi(t−s) and constant ψi. For ℓ = 1,2,...,N, we set
tℓ = ℓ∆t, and we consider the discretised system of the instantaneous defaultable spot
rate dynamics (28) with the four state variables Dσ(t), Dβ1(t) and Dβ2(t) expressed in
terms of the four benchmark defaultable forward rates fd(t,2.5), fd(t,5), fd(t,7.5) and
fd(t,10), by using the system (104). Appendix 8 provides the details of the simulated
system.
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Figure 2. State Dependent Volatility Function.
The volatility parameter values used are kσ = 0.18, c0 = 1, c1 = 2, c2 = 1, c3 = 2,
c4 = 1, kβ1 = 0.31 and kβ2 = 0.17. Also we set ψ1 = 1, ψ2 = 1.5, q1 = 0 and
q2 = 60%. We consider three cases for the volatility sizes combined with three diﬀerent
jump magnitudes. Thus the cases considered are the case of zero jump sizes, the case of20 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
small jump sizes and the case of large jump sizes where for the non zero jump sizes we
allow for only positive jumps, only negative jumps and the more realistic case of positive
and negative jumps. The volatility parameter values used are summarised in Table 1.
Parameter Values
no-jump negative jumps positive jumps +ve & -ve jumps
small large small large small large
σ0 3.5 % 3.2 % 1.5 % 3.2 % 1.5 % 3.2 % 1.5 %
β01 0 % - 0.8 % -2 % 0.8 % 2 % 0.8 % 2 %
β02 0 % -1.5 % -3 % 1.5 % 3 % - 1.5 % - 3 %
Table 1. The jump parameter values used at the simulations of the
deterministic default intensity models.
In addition, the simulations have been performed over two diﬀerent time horizons, one
year and 6 months. Figure 3 shows the eﬀect of the jump component on the simulated
normalised distribution of the defaultable spot rate at t = 1.
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Figure 3. The Skewness of the Simulated Normalised Density of De-
faultable Spot Rate Increases as the Jump Size Increases - Deterministic
Jump Intensities and 1 year time horizon.
Figure 4 shows the eﬀect of the jump component on the simulated distribution of the
defaultable spot rate at t = 1. It is obvious that there is a positive probability of
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Figure 4. Simulated Density of Defaultable Spot Rate - Deterministic
Jump Intensities and 1 year time horizon.
negative interest rates that can be reduced by decreasing the time horizon. When theA MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 21
time horizon reduces to 6 months (for t = 0.5), as Figure 6 shows, which displays the
simulated distribution of the defaultable spot rate for a range of jump magnitudes and
sizes, the probability of negative interest rates declines compared to the ones of the 1
year horizon displayed in Figure 4. In addition, by reducing the time horizon, excess
kurtosis and skewness may be achieved using more realistic jump sizes. Figure 5 shows
the simulated normalised distribution of the defaultable spot rate for a range of jump
sizes at t = 0.5. Comparing with the simulated normalised distribution of the defaultable
spot rate at t = 1 (see Figure 3), excess kurtosis and skewness is obtained under the 6
months time horizon and for the large jump size cases. These results are also illustrated
in Table 2 and Table 3 which display the statistical measures of the defaultable spot
rate under 1 year and 6 months time horizons respectively.
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Figure 5. The Skewness of the Simulated Normalised Density of De-
faultable Spot Rate Increases as the Jump Size Increases - Deterministic
Jump Intensities and 0.5 year time horizon.
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Figure 6. Simulated Density of Defaultable Spot Rate - Deterministic
Jump Intensities and 0.5 year time horizon.
In order to compare the simulated normalised distribution of the defaultable spot rate,
the volatility speciﬁcations have been selected so as to provide the same variance of the
simulated distributions, which is 0.17% for the 1-year time horizon and 0.09% for the 6
months time horizon.
The zero jump size case captures the eﬀect of the state dependent volatility speciﬁcations
on the distribution. Figure 3 shows that state dependent volatilities skew the normalised
distribution slightly (see also Table 2 and Table 3), however, the eﬀect is stronger with
increasing jump sizes. By increasing the jump component, the normalised distribution is
asymmetric (a characteristic of empirical spot rate distributions), a feature that becomes22 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
more pronounced when the time horizon decreases.15 The long tail appears to right when
only positive jumps are allowed and to the left when only negative jumps are allowed.
Statistical Information on rd(t) - 1 year
no-jump negative jumps positive jumps +ve & -ve jumps
small large small large small large
Mean 6.61 9.36 12.46 3.87 0.73 7.98 9.02
Variance 0.17 0.17 0.17 0.17 0.17 0.17 0.17
Skewness 0.0982 0.0421 -0.4833 0.1478 0.5243 0.0463 -0.3478
Kurtosis 3.0407 3.0242 3.3017 3.0440 3.3308 3.0522 3.3254
Table 2. The statistical measures (in percentage terms) of the default-
able spot rate simulated distributions for diﬀerent jump magnitudes un-
der the deterministic default intensity models - Time horizon 1 year.
Statistical Information on rd(t) - 6 months
no-jump negative jumps positive jumps +ve & -ve jumps
small large small large small large
Mean 6.40 7.83 9.46 4.95 3.32 7.12 7.64
Variance 0.09 0.09 0.09 0.09 0.09 0.09 0.09
Skewness 0.0799 -0.0236 -0.7211 0.1344 0.7290 -0.0133 -0.4792
Kurtosis 2.9940 3.0293 3.7180 3.0195 3.6627 3.0708 3.5895
Table 3. The statistical measures (in percentage terms) of the default-
able spot rate simulated distributions for diﬀerent jump magnitudes un-
der the deterministic default intensity models - Time horizon 0.5 year.
An illustrative numerical comparison of the eﬀect of the jump magnitudes on the simu-
lated normalised distribution is provided in Table 2 for the 1 year time horizon and in
Table 3 for the 6 months time horizon. We consider these two diﬀerent time horizons
to show that with more realistic jump sizes (smaller than 2%) we can obtain reasonable
skewness and kurtosis.
Statistical Information on drd(t) - 1 year
no-jump negative jumps positive jumps +ve & -ve jumps
small large small large small large
Mean 0.0013 0.0078 0.0154 -0.0053 -0.0121 0.0043 0.0067
Variance 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005
Skewness -0.0040 -1.2351 -10.3845 1.1863 10.0087 -0.9868 -7.2874
Kurtosis 3.0438 10.8871 135.2202 10.4195 127.9270 10.7025 134.8426
Table 4. The statistical measures (in percentage terms) of the changes
of the defaultable spot rate for diﬀerent jump magnitudes with the de-
terministic default intensity model - Time horizon 1 year.
15Intuitively, for a longer time horizon there are (on average) more jump events, and a Central Limit
Theorem-type eﬀect pushes the distribution toward normality.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 23
In addition, by focusing on the eﬀect of a decreasing time horizon on the leptokurtosis,
we make the comparison more extreme and we consider in Table 4, the statistical in-
formation of the changes of the defaultable spot rate. Given that the time horizon is 1
year and the discretisation level is 400, the information in the table can be viewed as
the statistical measures of rd(t) over approximately one day time horizon. It is obvi-
ous that the model captures the empirical fact of increasing leptokurtosis as the time
horizon decreases. Concluding, the models developed provide ﬂexibility on the shape of
the spot rate distributions and also succeed in accommodating the stylized facts of such
distributions.
7.2. Stochastic Jump Intensities. The jump intensities are now assumed to be sto-
chastic, evolving as in (54) so that the Markovian dynamics of the defaultable spot rate
are determined by Proposition 5.1. The number of state variables has increased to 8,
therefore we introduce six defaultable forward rates of diﬀering maturities in order to
complete the system. Recall that the other two state variables are the two stochastic
default intensities. Thus the Wiener volatility speciﬁcations are given by




where ¯ fd(s) = (fd(t,T1),fd(t,T2),fd(t,T3),fd(t,T4),fd(t,T5),fd(t,T6))⊤. We assume
a similar functional form as (70), that ensures that the state dependent volatility is a
well deﬁned function,
σd











f(t) = c0 +
 6
h=1 chfd(s,Th) and γ = 1
2. The Poisson volatilities are now
constant.
We set the Wiener volatility speciﬁcations as kσ = 0.08, c0 = 1, c1 = 2, c2 = 1, c3 = 2,
c4 = 1, c5 = 2, c6 = 1, and the jump volatility speciﬁcations as ψ1 = 1, ψ2 = 1.5, q1 = 0
and q2 = 60%. We also set Th = 10
6 h years, for h = 1,2,...,6. See Appendix 8 for the
details of the simulated system.
We consider the following cases on the volatility sizes with parameter values as indicated
in Table 5.
Parameter Values
negative jumps positive jumps +ve & -ve jumps
small large small large small large
σ0 2.9 % 0.9 % 2.9 % 0.9 % 2.9 % 0.9 %
β01 - 0.8 % -2 % 0.8 % 2 % 0.8 % 2 %
β02 -1.5 % -3 % 1.5 % 3 % - 1.5 % - 3 %
Table 5. The jump parameter values used at the simulations of the
stochastic default intensity models.
In order to compare the simulated normalised distribution of the defaultable spot rate,
the volatility speciﬁcations have been selected so as to provide the same variance (=
0.17%) for the simulated distributions. The simulated normalised distribution of the
defaultable spot rate at t = 1 (and under the stochastic default intensity case) is dis-
played in Figure 7 for a range of volatility sizes as set in Table 5.24 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
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Figure 7. The Skewness of the Simulated Normalised Density of De-
faultable Spot Rate Increases as the Jump Size Increases - Stochastic
Default Intensities and 1 year Time Horizon.
The normalised distribution becomes leptokurtic, as the jump size increases. The long
tail appears to right when only positive jumps are allowed and to the left when only
negative jumps are allowed.
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Figure 8. Simulated Density of Defaultable Spot Rate - Stochastic De-
fault Intensities and 1 year Time Horizon.
Figure 8 shows the simulated distribution of the defaultable spot rate at t = 1, and for
the volatility sizes of Table 5. The skewness and kurtosis of the simulated density of the
defaultable spot rate increases as the jump size increases. Also note that, similarly as in
the case of deterministic intensities, there is a positive probability of negative interest
rates that can be reduced by decreasing the time horizon. Also, in smaller time horizons,
excess kurtosis and skewness can be obtained by using reasonable small jump sizes.
However, the model with the stochastic intensity displays, in general, higher skewness
and kurtosis compared to the equivalent model with the deterministic intensities, as
Table 6 shows. By adding a range of realistic features in this defaultable term structure
model such as allowing jumps on the defaultable forward and spot rate, state dependent
volatility speciﬁcations and stochastic default intensities, we obtain classes of defaultable
term structure models with leptokurtosis.
Therefore, these type of models, which accommodate the tractability of Markovian rep-
resentations as well as the complexity of stochastic volatility jump-diﬀusion models,
capture the stylised empirical facts of defaultable interest rates and are functional for
numerical applications. As a consequence, these class of models would provide a moreA MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 25
Statistical Information of rd(t) - 1 year
negative jumps positive jumps +ve & -ve jumps
small large small large small large
Mean 5.25 3.90 7.96 9.26 5.25 3.87
Variance 0.17 0.17 0.17 0.17 0.17 0.17
Skewness 0.0904 -0.5879 0.2309 0.6234 0.0956 -0.3793
Kurtosis 3.0153 3.3863 3.0840 3.4439 3.0313 3.4231
Table 6. The statistical measures (in percentage terms) of the default-
able spot rate simulated distributions for diﬀerent jump magnitudes -
Stochastic Default Intensity and 1 year Time Horizon .
accurate modelling platform for model calibration, econometric estimation and credit
derivative pricing and hedging.
8. Conclusion
In this paper, we consider a multi-factor jump diﬀusion model of the defaultable term
structure of interest rates within the HJM framework. By an appropriate choice of
state dependent Wiener and time dependent Poisson forward rate volatility functions
combined with deterministic credit spreads, we obtain Markovian representations of the
defaultable spot rate dynamics and we derive exponential aﬃne pricing formulas for
the defaultable bond. Furthermore, the state variables of the model are expressed in
terms of a set of benchmark defaultable forward rates, a fact which makes the model
suitable for both calibration and parameter estimation. Making the model more realis-
tic, we investigate the case of stochastic credit spread in which it becomes diﬃcult to
obtain Markovian representation of the system. Thus we settle on an “approximate”
Markovian structure or constant Poisson volatilities. Numerical simulations provide
some distributional implications of various volatility speciﬁcations and show that the
stochastic intensity models display more pronounced leptokurtic eﬀects rather that the
deterministic intensity models.
The proposed defaultable term structure developed in this paper combines the tractabil-
ity of Markovian representations and the complexity of stochastic volatility jump-diﬀusion
models and as the numerical simulations show succeeds to capture the stylised empirical
features of the distributions of the defaultable interest rates. Therefore, this Markovian
class of defaultable models that incorporates the realistic characteristics of stochastic
volatility jump-diﬀusion defaultable forward rate dynamics combined with stochastic
default intensities, may be employed for more accurate credit derivative pricing and
hedging as well as model calibration and econometric estimation techniques.
As a matter of ongoing research, the feature of the model which allows non-default
events to trigger jumps in defaultable interest rates seems particular well-suited for an
extension to a multi-obligor framework, when the default of one obligor triggers a jump
in the credit spread faced by other obligors.
Appendix 1. Dol´ eans-Dade Exponential Formula
Assume that the fractional losses qi(t) are deterministic functions of time. The solution
to the stochastic diﬀerential equation (11), may be derived by using results from Jacod26 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS





Note that Xt has ﬁnite variation. Then appealing to equation (4.63) of Jacod and
Shiryaev (2003), the solution of the equation (11) is of the form


























(1 − qi(τik)). (76)




(1 − qi)ηi(t). (77)
Appendix 2. The No-Arbitrage Condition in the Defaultable Bond
Market
We denote as nH = nw + np. We consider a hedging portfolio containing defaultable
bonds of maturities T1, T2,    , TnH+1 in proportions w1, w2,    , wnH+1 with w1 +
w2 +     + wnH+1 = 1. Denote with Ph(t) = Pd(t,Th) (h = 1,2,...,(nH + 1)) the value
of these nH + 1 defaultable zero-coupon bonds. For simplicity of notation we write the
stochastic diﬀerential equation for Ph in the general form
dPh(t)
Ph(t)








 Ph(t) = rd(t) + H(t,Th, ¯ fd(t))
νPh,i(t) = −ζd











16This is the case here given that the jumps are modelled by Poisson processes, so the probability of
two or more jumps over ∆s is o(∆s
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whνPh,i = 0, for i = 1,2,...,nw (78)
nH+1  
h=1
whχPh,i = 0, for i = 1,2,...,np. (79)
The hedging portfolio then becomes riskless. Thus, it should earn the risk-free (and






wh Phdt = r(t)dt,
which can be simpliﬁed to
nH+1  
h=1
wh( Ph − r(t)) = 0, (80)
using also the fact that w1 +w2 +   +wnH+1 = 1. Equations (78), (79) and (80) form
a system of nH + 1 equations with nH + 1 unknowns w1, w2,    , wnH+1. This system
can only have a non-zero solution if the determinant
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χP1,np(t) χP2,np(t)     χPnH+1,np(t)
 P1 − r(t)  P2 − r(t)      PnH+1 − r(t))
 
       
     
       
     
 
is equal to zero. This implies that for h = 1,2,...,(nH +1), there exist constants φ1(t),
φ2(t), ...,φnw(t) and ψ1(t), ψ2(t), ..., ψnp(t), such that







Thus, for bonds of any maturity T, we must have that
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By recalling that  P(t) = rd(t) + H(t,T, ¯ fd(t)) and substituting the expressions for
νPi(t), with i = 1,...,nw, and χPi(t), with i = 1,...,np, we obtain


















Substituting expression (7) for H(t,T, ¯ fd(t)) into (82), the short interest rate spread is
given by































By substitution of the forward rate drift restriction (16) into equation (83),













i (t,u, ¯ fd(t))ζd














































or, after some manipulations, the short rate spread is the sum of the products between
the intensity of a default and the corresponding expect loss quota, i.e.




Appendix 3. Simplification of Terms Used in Equation (108)





σd(s,t, ¯ fd(s))ζd(s,t, ¯ fd(s))
 
ds, let
S(s,t, ¯ fd(s)) = σd(s,t, ¯ fd(s))ζd(s,t, ¯ fd(s))
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σd(s,t, ¯ fd(s))ζd(s,t, ¯ fd(s))
 



























































s βd(s,u)du − 1]ds. (87)
Let
F(s,t) = βd(s,t)[(1 − q(s))e−
  t


















= −κβ(t)F(s,t) − βd(s,t)2(1 − q(s))e−
  t
s βd(s,u)du.





















Appendix 4. Derivation of the Defaultable Bond Price Formula
We derive the bond price formula using the Inui and Kijima (1998) approach, which con-
sists of a direct substitution of the risk neutral forward rate dynamics and the volatility
speciﬁcations (24) and (25) into the fundamental relationship between bond prices and
forward rates, recall equation (3).30 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS
The forward rate dynamics under the risk neutral measure become (use drift restriction
(16))






i (s,T, ¯ f(s))ζd













i (s,T)[[1 − qi(s)]e−ξd






i (s,T)[dQi(s) − ψi(s)ds].
(88)






, we may write the
price of the ‘pseudo’ bond as17













i (s,y, ¯ f(s))ζd










































i (s,y, ¯ f(s))ζd




















































t κβi(u)dudy = βi(s,t)Nβi(t,T). (91)










i (s,t, ¯ f(s))d  Wi(s), (92)










i (s,t)[dQi(s) − ψi(s)ds]. (93)
17We assume that the conditions for application of stochastic Fubini theorem are satisﬁed.
18Note that
σi(s,y, ¯ f(s)) = σ0i(s, ¯ f(s))e
−
  y






t κσi(u)du = σi(s,t, ¯ f(s))e
−
  y
t κσi(u)du.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 31




i (s,y, ¯ f(s))ζd








i (s,v, ¯ f(s))dvdy
= σd
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i (s,y, ¯ f(s))ζd





i (s,t, ¯ f(s))ζd












Substitute the results19 (92), (114) and (96) into equation (89), collect like terms, and
the bond price formula will simplify to












i (s,t, ¯ f(t))ζd





































i (s,y)[[1 − qi(s)]e−ξd




19The results (92) and (96) have been already proven in Inui and Kijima (1998).32 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS





























i (s,t)[[1 − qi(s)]e−ξd











i (s,y)[[1 − qi(s)]e−ξd




Recall that the defaultable bond price is evaluated as
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Appendix 5. Finite Affine Realisations in Terms of Defaultable Forward
Rates
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Given that the elements of matrix Od(t) are deterministic functions and assuming that
the determinant of this matrix is non-zero then we can invert the matrix20 and express
the state variables Eσi(t), Dσi(t) and Dβij(t) in terms of forward rates of nd distinct
maturities, i.e.,

   
  
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
. (104)
































, with k = 2n + i. (107)
Further, we substitute expressions (105), (121) and (122) for the state variables into
the forward rate formula (47), to obtain (48), which expresses the forward rate of any
maturity in terms of the nd forward rates.
20See Proposition 7.5 of Bj¨ ork and Gombani (1999) for the proof of the statement that, when the
maturities of the forward rates are distinct, the matrix O
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Appendix 6. Derivation of the Defaultable Spot Rate Dynamics under
Stochastic Intensity
Recall that the Poisson volatilities are constant, whereas the Wiener volatilities satisfy














i (s,t, ¯ fd(s))ζd









































ψ(s)(1 − q(s))e−β0(t−s)ds, (109)




















i (s,t, ¯ fd(s))ζd




























0i[dQi(t) − ψi(t)dt]. (110)
Substituting expressions (31), (32) and (33) into equation (110), we obtain dynamics
(59).
Appendix 7. Derivation of the Defaultable Bond Price Formula under
Stochastic Intensity
Again using the Inui and Kijima (1998) approach, under the volatility speciﬁcations
(24) and (57) and the stochastic intensities ψi(t), the stochastic integral equation for
the forward rate dynamics under the risk neutral measure becomes






i (s,T, ¯ fd(s))ζd
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, we may write the
price of the ‘pseudo’ bond as21













i (s,y, ¯ fd(s))ζd











































i (s,y, ¯ fd(s))ζd































Following similar manipulations as in Appendix 4, the results (92) and (96) still hold.





























[dQi(s) − ψi(s)ds]. (114)
Substitute the results22 (92), (96), (114) and (113) into equation (112), collect like terms,
and the bond price formula will simplify to












i (s,t, ¯ fd(t))ζd














































21We assume that the conditions for application of stochastic Fubini theorem are satisﬁed.
22The results (92) and (96) have been already proven in Inui and Kijima (1998).36 CARL CHIARELLA, ERIK SCHL¨ OGL AND CHRISTINA NIKITOPOULOS SKLIBOSIOS




























































































Appendix 8. Simulation Details
We discretize the time interval [0,1] into N equal subintervals of length ∆t = 1/N. Thus
we set tℓ = ℓ∆t, for ℓ = 1,2,...,N.
8.0.1. Deterministic Intensity. The discretised version of the spot rate dynamics, by
using relationship (28), is




The stochastic variable Dσ(t) and Dβi(t) evaluated in terms of the benchmark defaultable
forward rates, by using the system (104), thus can be expressed as functions of the ns = 4






































κ(1 − e−κ(T1−t))e−κ(T1−t) e−κ(T1−t) e−κ1(T1−t) e−κ2(T1−t)
1
κ(1 − e−κ(T2−t))e−κ(T2−t) e−κ(T2−t) e−κ1(T2−t) e−κ2(T2−t)
1
κ(1 − e−κ(T3−t))e−κ(T3−t) e−κ(T3−t) e−κ1(T3−t) e−κ2(T3−t)
1
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From equation (53) and for h = 1,2,3,4, the discretised version of the benchmark
defaultable forward dynamics is
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Note that the minimum set of the state variables considered in this example is the set of
the 4 benchmark forward rates, by using the results of Section 4. Therefore, discretisa-
tion has been only performed on the dynamics driving these benchmark forward rates,
see equations (53), while all the other stochastic variables included in the Markovian
system such as rd(t), Dσ(t) and Dβi(t), has been expressed in term of this set of state
variables.
8.0.2. Stochastic Intensity. The discretised version of the spot rate dynamics, by using
(58), is











  W(∆t), (125)
Dβi(tℓ+1) − Dβi(tℓ) = [−β0i(1 − qi)ψi(tℓ) + Eβi(tℓ)]∆t + β0iQ(∆t), (126)
with


















ψi(tℓ+1) − ψi(tℓ) = θi[ ¯ ψi − ψi(tℓ)]∆t +
 
ψi(tℓ)σψi  W(∆t). (129)
The quantities f(tℓ,Th), for h = 1,2,...,6 included in (125) and (127) depend on the

































The minimum set of the state variables considered in the stochastic intensity example is
the set of the 8 stochastic quantities, Eσ(t), Dσ(t), Eβi(t), Dβi(t) and ψi(t) with i = 1,2.
Therefore, discretisation has been only performed on the dynamics driving these state
variables, while the 6 benchmark forward rates used in the volatility structure have been
expressed in terms of these set of state variables.A MARKOVIAN DEFAULTABLE TERM STRUCTURE MODEL 39
Note that the set of state variables considered for these simulations is not the set of
benchmark forward rates. Of course, using the same procedure as in Section 4, we can
express the set of the stochastic terms (excluding the stochastic intensities24) in term of
a set of benchmark defaultable forward rates and use as state variable vector this set of
benchmark forwards and the stochastic intensities. However, here we proceed with the
stochastic quantities obtained originally and express the state dependent volatilities in
terms of these stochastic terms.
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